SADLER UNIT 4 MATHEMATICS
METHODS

WORKED SOLUTIONS

Chapter 2 Calculus involving logarithmic
functions

Exercise 2A
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Question 13

1

5_1

ﬁ_x

5

Question 14
2Xx+3  2x+3

X2 43X X(X+3)

Question 15

2X+1
(x+4)(x=3)

Question 16

1
Xx—+Inxx1l=Inx+1

X
Question 17
2
3(In x)? « = = 2N X)°
X X
Question 18
Inx*=-Inx
d 1
—(=Inx)=-=
dx( ) X
Question 19
-2
i(ln X)" = -1(Inx)™“x1
dx X
1
x(In x)?
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Question 20

1 1
x=+Inxxe*=e*| =+Inx
X X

Question 21

1
Xx ——Inxx1
_x

X2

~1-Inx

X2

Question 22

3(1_|_|n X)Z XE:M
X X

Question 23

d
&(In x+In(x+5)+In(x+3))

1 1 1
=t ——+—
X X+5 x+3
_ (X+5)(X+3) + X(X+3) + X(x +5)
X(X+5)(x+3)
_ 3x*+16x+15

 X(X+5)(x+3)

Question 24

%(In(x +1)—In(x+3))
11

CXx+1 Xx+3
_(x+3)—(x+1)
X+ (x+3)
~ 2
C(X+D)(x+3)
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Question 25

4(x*+5)°x2x _ 8x
(x* +5)* X’ +5

Question 26

%(In X —In(x? —1))
1 2x

Tx x-1
(=1 -2xx X
o x(-1)

. —x¢-1

T x(x2-1)
(X))

T x(X-))
X+l
Cx(1-x?)

Question 27
d 3
&(In(x+2) ~In(x-2))

:5%@hﬂx+a—nmx—a)
3 1

T x+2 x-2
~3(x=2)-1(x+2)
- x> —4
2X—8
x> —4
_2(x=4)
- X -4
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Question 28

When x =1,

Yy _y
dx

Question 29

y =xInx

ﬂ:xxlﬂn Xx1
dx X

=1+Inx
When x = e?,

ﬂzlﬂnez
dx

=3

Question 30

y=3x*+Inx
ﬂ:6x+£
dx X
When x =1,

ﬂ=6+1
dx
=7
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Question 31

2Inx
X

2
Xx ——2Inxx1
dy _ |7 «x

dx x?

_ —2+2Inx

X2

When x =1,

dy -2+2Inl

dx 1
=-2

Question 32
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Question 33

y =In(x*)
dy _2x_2
dx x° X

2_y4
X

Question 34

y =In(6x-5)
dy 6 6
dx 6x-5 25
6x-5=25
6x =30
X=5
When x =5
y=1In25
. (5, In25)

© Cengage Learning Australia Pty Ltd 2019



Question 35

y = In(x* +3x)
dy 2x+3 1
dx  x2+3x 2
4X+6 = x* +3x
X —x-6=0
(x=-3)(x+2)=0
X=3, Xx=-2 (x>0)
X=3
When x =3,
y=1In18
~.(3,In18)

Question 36

y=Inx
dy 1

dx X

When x =1

dy 4

dx

Equation of tangent

y=X+C
Using (1,0)
0=11+c
c=-1

SLy=x-1
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Question 37

y=Inx
dy 1
X x
When x =e
Jdy 1
Tdx e
Equation of tangent
y=§+c
e
Using (e,1)

Question 38

y =log, X
_Inx
“In4

dy 1 1

dx In4 x
1

:xln4

Question 39

y=Iogex
_Inx
In6

1 1
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Question 40

y=501Inx
ﬂ=50x1
dx X
oy
ox dx
5yz@x5x
X

~ @x 0.1
10

~0.5

By comparison
In10.1-50In10 =0.4975

Question 41

x=t+Int
dx
V=—o
dt
1

=1+-
t
When x = 2,

v:1+l
2

=1.5m/s

dv
a=—
dt
=1t
1
e

When x =2

a= 1 m/s?
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Question 42

y=x"-50In2x, x>0

ﬂ= X_5_O=O
dx X
2X:@
X
2x* =50
x* =25
x=15 (x>0)
X=5
When x =5,
y=25-50In10
d’y 50
—=2+
dx? x?
When x =5
2
9 2,99
dx 25

- (5, 25-501n10) is a minimum turning point.

© Cengage Learning Australia Pty Ltd 2019



Exercise 2B

Question 1

5j1dx:5ln X+C
X

Question 2

4.|'ldx:4ln X+C
X

Question 3
2
j(x+£j dx=X—+2In X+C
X 2

Question 4

—I—dx——ln 2X+C

Question 5

j 22x dx =In(x* +1)+c
X +1

Question 6
3
I(xz +Ej dX = 2 +5Inx+c
X 3

Question 7

j(4x+ex+gj dx=2x*+e*+2Inx+c
X
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Question 8

2 1 dx=2xIn(x+1)+c
X+1

Question 9

2X
4j 2 dx = 4In(x> =3) +c

Question 10

j > dx =In(5x—3)+¢
5X -3

Question 11

2
5 dx=5In(2x+1) +c
J.2x+1 ( )

Question 12

2X
3 dx =3In(x* +1) +c¢
-[x2+1 O+

Question 13

J' 2X+1

Ty 3dx=|n(x2+x+3)+c
+ X+

Question 14

dx = 3In(x* +5x) +¢

2X+5
3
Ix2+5x

Question 15

2X B 2
1oj o =10In(¢ +4) 4
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Question 16

—j (ESINX) gy = — In(cos x) +¢

Question 17

COS X :
J'— dx=In(sinx)+c
sin x

Question 18

j( 25in 2X) dx =

lIn(cos 2X)+C
C0S 2X 2

Question 19

II’]X

cosx
=—In(cos x)+¢c

jtanx dx = J

Question 20

J-( 53|n5x)d _

1In(cosSx) +C
C0S5x 5

Question 21

—3'[( 23|n2x)d =-3In(cos 2x) + ¢
C0OS 2X

Question 22

Sin X —Cos X
Isin X + COS X
_ [Cosx—sinx
__jsin X + COS X
=—In(sin X+cosXx)+c¢

dx
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dx

=C0S X —Sin X

= —(Sin X —cos Xx)
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Question 23

I 2+C0S 2X
4X +sin 2X
_I4+20082X

4X+5sin 2x

dx

=%In(4x+sin 2X) + C

Question 24

J-ex+1
e* +x
=In(e* +x)+c

dx

Question 25

31 3

L > dx =[In x]1
=In3-Inl
=In3

Question 26

ISE dx =[3In x]z

=3In3-3In2
=3In1.5

Question 27

Lz(ex +%) dx = [ex +In x]f

=e’+In2-¢e'—1Inl
—e’—e+In2
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di(4x+sin 2X) =4+ 202X
X

d
—(e
dx(

X

+Xx)=e"+1
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Question 28

1
V=——
t+2
x=jv dt
1

=|—dt
t+2

=In(t+2)+c

Whenx=0,t=0
0=In2+c
c=-In2

x=Int+2)—In2

:|n@
2

Question 29

.[32X+1 dx=_|.32 dx+J.31 dx

1 X 1 1 X
:[Zx]f+[ln x]f
=6-2+In3-Inl

= (4+In3) units®
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Question 30
1
=—-1
y X+2
. 1 1 1 Lm;:i:—.l g1l O 0|
y_lnt:E_lz_E (0,_5) Jdw=—0. 30685 |
x-int:izl
X+2
X+2=1

x=-1 (-1,0)

j‘{i—l) dx=[In(x+2)-x[,

X+2
=In2-0-(In1+1)
=In2-In1-1
=In2-1

This area is under x-axis. Therefore, the area is (1—In 2) square units.
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Question 31

y=xInx—x
ﬂ:xxlﬂn Xx1-1
dx X
=Inx

Point of Intersection
1+In2=Inx
1=Inx-In2

1=In5

x-intercept of y =In x
0=Inx

e’ =x

x=1

Required area

reln X dx

1
=[xInx-x;*

_ (2exIn2e-2e)-(1xIn1-1)
~ 2e(In2+Ine)—2e+1
_2e(In2+1)-2e+1

~ 2exIn2+2e-2e+1

= (2eIn 2 +1) units®
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Question 32

J%tan X dx

T sinx
= [e 20X gy
0 cos X

J- s (= smx)d

COS X

=[-In(cos x)]g

=—In cos% —(—In(cos0))

:—Ing—(—lnl)

4]

= In(%j units’
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Question 33

a b

X+4 X+2
_a(x+2)+b(x+4)
(x4 (x+2)
2(4x+13)

T (x+4)(x+2)
a(x+2)+b(x+4)=2(4x+13)
ax+2a+bx+4b=8x+26
a+b=8 — Equation 1
2a+4b =26 — Equation 2
Solve simultaneously
a=3and b=5

3 N 5 _ 2(4x+13)
X+4 x+2 (x+4)(x+2)

I 2(4x+13) dx
(x+4)(x+2)

(2
X+4 X+2

=3 —dx+5 —dx
X+4 +2

:3In(x+4)+5ln(x+2)+c
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Question 34

a J‘lké dx=1

[2Inx]} =2Ink-2In1
1=2Ink

1k
>

1
k=e2 (k>0)

Inb=

=2In
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Miscellaneous exercise two

Question 1

i(sin 2X) = 2C0S 2X
dx

Question 2

i(cosBx) =-3sin 3x
dx

Question 3

d 4x 4x
— (") =4e
&)

Question 4

d (5e™) =5x 4e**
dx

=20e*

Question 5

d(2x-3

d_x( x+1j
C(x+D)x2-(2x-3)x1
- (x+1)°

_ 2X+2-2X+3

T (x+1)?

5

(x+1)?
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Question 6

d
—(3x-1)*
o XD

— 4(3x—1)*x3
=12(3x-1)°

Question 7

i(1+2Ioge X)
dx

2.2
X

2
X

Question 8
d >
—(x“Inx
dx( )

1
=X x = +1In xx 2X
X

=X+InXxx2x
=X(1+2Inx)

Question 9

i(1+3e”}
dx\ x

=—X?+3x2xe"
1
2X
~ G ——
X

Question 10

%(Ioge(l+x+x2))

1
=—— < (1+2X
1+ X+ X2 ( )

_2x+1
1+ X+ X°
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Question 11

2" =11
log 2" =log11
xlog2=1logll

X=Iogll

log2

Question 12

a log, 25
=log, 5°
=2log, 5
=2p

(on

log, 500

=log, (5°x 4)
=log, 5° +log, 4
=3log,5+log, 4
=3p+q

c log, 80
=log, (4° x 5)
=log, 4* +log, 5
=2log, 4+1log, 5
=p+2q

d log, 10
= log, (5x/4)

1

=log, 5+log, 42
:Ioga54~lloga4
2
~ D+
2
e log, (20a%)
=log, 20+log, a°

=log, 4+log,5+3log, a
=p+q+3
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f log. 4

Question 13

a log, 64 =3

x® =64
Xx=4
b log, 64 =2
x* =64
X=8
c log, 64 =6
x° =64
X=2
d log,,100 = x
10* =100
X=2
e logl7—1log 2 =log x
Iogg—logx
2
Xx=8.5
f logl7+log 2 = log x
log(17 x 2) = log x
x=34
1
g log 22 =log 2*
1
22 =2"
1
X=—
2
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h 3log 2 =log x
log 2° = log x

x=2°

=8

Question 14

a log, x+log, y=1log, p
log, xy =log, p
p=Xxy

b log, p=Yy

p=x

c 3log, x—log, y =log, p
log, x> —log, y =log, p

3

X
log,—=log, p
y
XS
p=—
y
d 2+0.5log,, y =log,, p

log,,100+log,, yo.s =log,, p
log,, (100)/0'5) =log,, p

p=100,/y
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Question 15

dy 1
dx x
When x =e?,
dy 1
dx e

Equation of tangent
1

y =— X+C
e

Using (€%, 2)

Question 16

Q=0Q,(0.88)

0.05Q, = Q,(0.88)'
0.05=0.88'
log0.05=tlog0.88
{ o log 0.05
log0.88
= 23.4 minutes
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Question 17

a f'(x) =3x* x In(3x +2)

f"(x) = 3x*x S IN(3x +2) x 6x
3X+2

9x?
3X+2

+6x1In(3x+2)

b f”(l):%+6ln5

=6In5+1.8
Question 18
a x-int, y=0
(log, x)*-1=0
(log, )* =1

log,x=1 or log,x=-1
x=¢" x=e"
: 1
X-int atA(g, Oj and B(e, 0).

There are no other possibilities for the graph to cut the x-axis.
Ify = (log, x)* —1 has a y-intercept, x=0.
However, log, x is not defined for x =0, therefore there is no y-intercept.
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dy

b Stationary points occur when o 0.
X
Y _ 2log, X x 1
dx X
2
=—xlog, x
X
gIoge x=0
X
log, x=0
x =g’
=1
y =(log,)* -1
=-1
C@1,-1
The single solution to % = 0 shows there is only one stationary point.
X
2
c Point of inflection, % =0
X

i(glo xj
dx \ x 9

szl-i- log, xx (—2x7%)
X X

2 2log, x

x? x?

2—-2log, x
R —

2—-2log, X
X2
2—2log, x=0
2log, x=2
log, x=1

=0

x =g
-.When x =e,

y=(log. )’ -1
=0
There is a single point of inflection at B(e, 0).
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Question 19

. cosh-1
=lim——=
h—0 h

_lim —(1—-cosh)
h—0 h

. 1-cosh
=—lim————

h—0 h

=0

lim sin(x +h)—sin x

h—0

_lim sin xcosh+cos xsinh—sin x
T ho0 h

_lim sin x(cosh—1) + cos xsin h
 h0 h

. sinx(cosh-1) .. cosxsinh
=lim——————+lim——
h—0 h h—0 h

(cosh-1) sinh
h

+cos xlim——
h—0 h

=sinxlim

h—0
=5sin xx0+cos xx1
= CO0S X

cos(x + h) —cos x

lim
h—0 h
_"mcosxcosh—sinxsinh—cosx
T ho0 h
_"mcosx(cosh—l)—sinxsinh
o0 h
. cosx(cosh—1) . sinxsinh
=lim —lim
h—0 h h—0 h
. (cosh-1) . .. sinh
=cos X lim————=—sinxlim——
h—0 h—0 h

=C0SXx0—sin xx1
=-sin X
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